Chern-Simons gravities and gravitational Chern-Simons densities are constructed using the non-Abelian Yang-Mills Chern-Simons densities. As such, they are defined only in odd dimensions. We propose instead an analogous construction employing what we term Higgs-Chern-Simons (HCS) densities, which are defined in all dimensions. This enables the definition of extended versions of Chern-Simons gravities in all dimensions. Employing the same prescription, the definition of gravitational Chern-Simons densities is extended to all even dimensions, but only to 4p − 1 odd dimensions. All our considerations are restricted to vacuum fields.
Introduction
In the context of this report, Chern-Simons gravities (CSG) and gravitational Chern-Simons (GCS) densities are distinct but not unrelated objects. They both result from the definition of Chern-Simons (CS) densities of the non-Abelian (nA) Yang-Mills (YM) fields. The CSG consist of some superpositioxn of usual gravitational Lagrangians displaying all orders of the Riemann curvature, including the 0-th -the cosmological constant. The GCS are the direct gravitational analogues of the nA CS densities, and like these, they can be employed in conjuction with usual gravitational Lagrangians. 
ab .
Since the frame indices a, b, . . . are raised/lowered by a flat metric, and since we are not particularly concerned with the signature of the spaces(s), we will henceforth not pay any attention to whether the frame index is covariant or contravariant. It is the identification of the spin-connection and the Riemann curvature with the YM connection and curvature in D dimensions, through 
that is exploited in the definitions of both GCS densities and CSG gravities. The matrices L ab in (1) are representations of SO (D) . In what follows, we will employ the Dirac (Clifford algebraic) representations for L ab
in terms of γ a , the gamma matrices in D dimensions. The Chern-Simons (CS) density expressed in terms of the YM connection A M and curvature F M N is defined through the one-step descent of the Chern-Pontryagin (CP) density Ω CP = Tr F ∧ F ∧ · · · ∧ F = ∇ · Ω , 2n times in some even, D = 2n dimensions [11] . The one-step descent in question is a result of the fact that the CP density Ω CP = ∇ · Ω is a total divergence. The CS density is defined as any one component of the vector-valued density Ω, say Ω D , i.e. Ω CS = Ω D , which now depends only on the D − 1 coordinates x µ , µ = 1, 2, . . . , D − 1. Hence, the CS density thus defined necessarily exists in some odd dimension 2n − 1. The CS densities are by construction gauge variant but their variational equations turn out to be gauge covariant, and display other interesting features prominent among which is their gauge transformation properties in the case of nA fields, leading to their exploitation in quantum field theory [4, 6] . These aspects of CS theory will not be pursued here. Instead, our aim here is to exploit the non-Abelian (nA) CS densities to construct gravitational-CS (GCS) densities and Chern-Simons gravities (CSG).
Already at this stage it is clear that the passage from YM to gravity prescribed by (1) is problematic in the context of gravitational CS (GCS) densities and CS gravities (CSG), since these are defined in D − 1 dimensions with coordinates x µ , µ = 1, 2, . . . , D − 1, while the frame indices run over a = 1, 2, . . . , D instead of D − 1. This discrepancy is corrected in each case respectively, GCS and CSG, by sharpening the prescription (1) .
Following this prescription, it is clear that GCS densities and CSG systems can be defined only in odd dimensions. Our aim in this presentation is to propose GCS densities and CSG systems in all dimensions, namely in both odd and even dimensions. To this end, one starts from a version of the Chern-Pontryagin (CP) densities that is defined in odd and even dimensions. These are the Higgs-CP (HCP) densities resulting from the dimensional descent of a CP density in some even dimension, down to some odd or even residual dimension. The Higgs field in this case is a relic of the YM connection in the higher dimension and these HCP densities are total divergences like the CP densities.
The dimensional reduction of gauge fields has a long history [15, 16, 17] . The calculus of dimensional reduction used in [12, 13, 14] is an extended version of that of Ref. [16] . In most applications of this calculus, the descent was carried out on the Yang-Mills action/energy density in higher dimensons. Application to the descent of Chern-Pontryagin densities was first carried out in [18] applied to the third and fourth CP denisties in 6 and 8 dimensions down to 3 dimensions, yielding the monopole (topological) charge densities of two extended Yang-Mills-Higgs (YMH) theory on IR 3 . Soon after in [19] , the fourth CP denisty in 8 dimensions was dimensionally reduced down to 4 dimensions, yielding the monopole 3 (topological) charge density of a YMH theory on IR 4 . Subsequently this formulation was extended to all even and odd dimensions in Refs. [12, 13] and in Appendix A of Ref [14] .
The total divergence property of the HCP densities enables, via the standard one-step descent, the definition of CS densities in all dimensions. We refer to these as Higgs-CS (HCS) densities resulting from the one-step descent -from D to D−1 dimensions. In 3+1 dimensions in particular, two such HCS densitied were employed in Refs. [21, 22] in SO(5) and SU(3) YMH models.
In arbitrary dimensions, the HCS densities are introduced in [12, 13, 14] . Recently, some HCS densities were given independently in [23] . While in many cases the HCS densities of [23] agree with ours [12, 13, 14] , they differ most markedly in that they are defined in odd dimensions only, while in our case all, even and odd, dimensions are included. The reason for this is that in [23] it is the CS density 4 in the (higher) odd dimensions which is subjected to dimensional reduction, and then by 2 dimensions or or by some other even dimension. Thus in the case of [23] , only even dimensional HCS are defined. In our case by contrast, it is the gauge invariant CP density that is subjected to dimensional reduction by any number of dimensions, resulting in HCS densities in odd dimensions. It turns out that in even residual dimensions, the HCS density thus obtained is gauge invariant like the CP density in the bulk.
It is the HCS densities that are employed in constructing the gravitational HCS (GHCS) densities and the HCS gravities (HCSG) in both odd and even dimensions, applying some variants of the prescription (1). It turns out that the construction of HCSG systems is unique, in the sense that in odd dimensions where CSG systems exist already before the introduction of the Higgs field, this CSG system is embedded in the corresponding HCSG system. The situation with the construction of the GCSH density is rather more ad hoc, such that in odd dimensions where both GCS and GHCS densities can be constructed, the two results are different. We have thus relegated the subject of GCS and GHCS to an Appendix.
The presentation is organised as follows. In Section 2 the main building blocks, namely the CS densities for d = 3, 5, 7 and HCS densities for for d = 3, 4, 5, 6.7, dimensions d = D − 1 are listed. In Section 3 some CS gravities (CSG) and HCS gravities (HCSG) are presented. In Section 4 some gravitational CS desities (GCS) and gravitational HCS (GHCS) densities are presented. The reason for the chosen order of Sections 3 and 4 is that in the context adopted here, the GCS (and GHCS) densities are objects which should be employed to modify the more fundamental CSG (and HCSG) systems.
Chern-Simons and Higgs-Chern-Simons densities
In this Section we present the usual Chern-Simons (CS) densities, which are defined in odd dimensions only, and the Higgs-Chern-Simons densities which are defined in all dimensions. They are defined for arbitrary gauge group but the choice of gauge group appropriate for the passage of Yang-Mills to gravity, is specified.
The usual Chern-Simons densities in odd dimensions
The usual Chern-Simons (CS) density in d dimensions results from the one-step descent of the the Chern-Pontryagin (CP) density in D = d + 1 dimensions, D = 2n being even. Since our final aim is to transition from Yang-Mills to gravity, the gauge group of the non-Abelian field, is fixed by the prescription (1) where L ab takes its values in the algebra of SO(D) (D = 2n) with a = 1, 2, . . . , 2n. The corresp[onding gravitational density is constructed by evaluating the trace in the CS formula. Since D is even, L ab are represented the Dirac matrices γ a , where these are augmented by the chiral matrix γ D+1 . One has then the option of including γ D+1 in the trace of the nA CS density.
For the sake of illustration, we state the CS densities in d = 3, 5, 7. Including γ D+1 in the trace these are
This choice is appropriate for the construction of CS gravities [1, 2, 3] (CSG). It results in Euler type gravitational densities [25] . The other choice is to exclude γ D+1 in the trace. The resulting CS densitieŝ
which are appropriate for the construction of gravitational CS densities, and result in Pontryagin type gravitational densities [25] ..
The Higgs Chern-Simons densities in all dimensions
The definitions of the Higgs-Chern-Simons (HCS) densities however are more ubiquitous. Thus for example a HCS density in d dimensions, which is derived from the Higgs-Chern-Pontryagin (HCP) density in D = d + 1, D being even or odd. The HCP density in question, itself arises from the dimensional descents of the CP in some even dimension N ≥ d + 1.
The HCP density in D density employed, say Ω D,N HCP , is descended from a CP density Ω CP in even N dimensions. It may thus be useful to denote the HCS density gotten via the one-step descent as Ω
A detailed description of HCP and HCS description is given in [12, 14] .
In the notation used below, the (suare matrix valued) Higgs scalar Φ has dimension L −1 , as does also the constant η which is the inverse of the sphere over which the descent is carried out.
We list two such the HCS densities in d = 3, arrived at from the one-step descents from the HCP densities in D = 4, each of them descended from the CP densities in 6 and 8 dimensions respectively,
Note that the leading term in both (9) and (10) is the CS density (3). The HCS density in d = 5 arrived at from the one-step descent of the HCP density in D = 6, itself descended from the CP density in 8 dimensions, is
and the HCS density in d = 7 arrived at from the one-step descent of the HCP density in D = 8, itself descended from the CP density in 10 dimensions, is
Note that the leading term in (11) is the CS density (4), and that in (12) the CS density (5). Thus, in all odd dimensions where both a CS and a HCS density exist, the leading term in the HCS density Ω Here, we display only the HCS densities in d = 4, arrived at from the one-step descents of the HCP densities in D = 5, each of them descended from the CP densities in 6 and 8 dimensions respectively,
Finally, we select the gauge group appropriate for the purpose of transiting from Yang-Mills to gravity. As stated at the outset by (1), this group is SO(D) (D = 2n), the orthogonal group of the non-Abelian field defining the Chern-Pontryagin (CP) density from which the Chern-Simons (CS) density is derived, and in the case of Higgs-CS, the gauge group of the Higgs-CP density from which the HCS is derived.
In the case of CS densities the Dirac matrix representations, e.g. The situation is somewhat more involved in the case of Higgs-CS (HCS) densities, in which case we have HCS densities both in odd deimensions, e.g. (9), (10), (11), (12) and (3), and in even dimensions e, g. (13) and (14) . Here, D is even for the HCS in odd dimensions but it is even when the HCS is in even dimensions. Besides, in this case the multiplicity of the Higgs scalar Φ must alo be chosen 5 . For HCS densities in odd dimensions, i.e. with even D, (1) is augmented by the choice of Higgs multiplet,
while for HCS densities in even dimensions, i.e. with D odd,
where Σ
ab are one or other chiral representations of SO(D),
It is in order to remark that for odd d only the CS densities Ω 
Chern-Simons gravity (CSG) and Higgs-CS gravity (HCSG)
Both the CSG and the HCSG result in gravitational systems consisting of the superposition of p-Einstein-Hilbert densities (22) which we present here to be self-comtained and to fix the notation.
In terms of the the spin-connection ω ab M , the covariant derivative of (some frame-vector valued field) φ a is defined as
and employing further the vielbein field e a M there follow the definitions of the gravitational curvature and torsion
5 These choices coincide with those for which monopoles on IR D are constructed [12] . 
For p = 0 in d = 2p this is a total divergence, while for d ≥ 2p it is the cosmological constant. For p = 1 it is the usual Einstein-Hilbert (EH) Lagrangian in d-dimensions, for p = 2 it is the usual Gauss-Bonnet Lagrangian in d-dimensions, etc. The definitions of (22) include the Levi-Civita symbol in both the frame indices and the coordinate indices. Thus it is appropriate to adopt the definitions (3)- (5) for the CS densities since in that case evaluating the traces will result in some superpositions of (usual) p-EH Lagrangians. In this respect, the choice of (9)- (12) for the HCS densities is the appropriate one. Examples of CSG and HCSG systems are given in the next Subsections, respectively.
Chern-Simons gravity (CSG): odd dimensions
As remarked earlier, the prescription (1) for transiting from YM to gravity in d dimensions, yield a frame-index a = 1, 2, . . . d + 1 which is defective. This defect is overcome by splitting a as a = (α, d + 1) = (α, D), with α = 1, 2, . . . , d, as will be described in the following Subsections.
In this case the prescription (1), or the first member of (15) , is refined as follows,
where
is the torsion. Clearly, α is now the frame-index with the correct range. The constant κ in (23) has dimensions L −1 to compensate for the difference in the dimensions of the connection and the V ielbein.
Substituting (23) 
Each of these is a linear sum of all the
EH defined in the given dimension d (the p = 0 member being the cosmological constant term.).
In the notation of Appendix A,
where the dimensionless constants τ (p) can be read off (24), (25) and (26).
Higgs-Chern-Simons gravity (HCSG): all dimensions
The HCS densities, displayed in Subsection 2.2, involve both the YM and the Higgs fields. The passage of the YM-Higgs (YMH) system to gravity is prescribed by (15) in odd dimensions, and (16) in even. We will henceforth refer to the case of odd d = D − 1, namely to the prescription (23), since for even d the appropriate prescription can be read off (23) by formally replacing (γ αβ , γ αD ) with (Σ αβ , Σ αD ), the latter defined by (17) . As in the previous Subsection, the index a = (α, D) is split such that α now is the frame-index, and the refined version of the second mamber of (15) we apply is
is the gravitational covariant derivative. We employ (23) and (30) to calculate the traces in the HCS formulas in Subsection 2.2. Here, we display only the pair of HCSG (gravitational) systems arising from HCS densities (9)-(10) in d = 3, and the pair arising from (13)- (14) 
where we have used an abbreviated notation
Some concluding remarks are now in order. We observe the following qualitative properties of the listed HCSG (gravitaional) systems:
• In the pair of models in d = 3, namely (32)-(33), the leading terms are the usual EinsteinHilbert Lagrangian L EH appear without the presence of the frame-vector field φ α and the scalar φ. This is not surprising, since there exist no CS densities in even dimensions.
• The models L HCS from which they follow, feature Lagrangians with lower N, nested inside.
• All HCSG models, in odd and even dimensions, feature the torsion term explicitly. This, together with the fact that they feature the gravitational covariant derivative (31), means that these models can sustain non-zero torsion. Whether or not torsion-free solutions may exist, must be checked in each case.
• The frame-vector field φ α and the scalar φ are relics of the Higgs scalar in the YangMills-Higgs systems giving rise to the HCSG models. Thus we would expect that these are gravitational coordinates and not matter fields that might result in hairy solutions. Accordingly, we would expect that these models support only black hole solutions, and not regular ones.
Gravitational CS (GCS) densities
Gravitational CS (GCS) densities, as their name suggests, are not gravitational models like the CSG and HCSG models discussed above. They are the analogues of the non-Abelian (nA) CS densities, that are employed in various applications of nA gauge theories. Like the latter, the GCS densities are designed to find application in the same way, in gravitational theories.
Together with the CSG models discussed above, GCS densities are derived from the nA CS densities by applying the prescription (1), but not in the refined versions (23) . As result the 
The resulting density is expressed exclusively in terms of the components of the (gravitational) connection and curvature (ω αβ µ , R αβ µν ), such that now the frame-indices α transform with the required group SO(d) and not SO(D). This is adopted as the definition of gravitational ChernSimons (GCS) density.
As in Section 3, one has again the choice 7 of opting for the definitions (3)- (5), or, (6)- (8) for the nA CS densities, which prior to implementing the truncation (36) are the CS densities for gauge group SO(D). A further important distinction form the nA case arises here in the gravitational case when the choice (6)- (8) is made for the nA CS densities. As a result of gammamatrix identities 8 , it turns ot that substituting (1)- (2) in (6)- (8), these traces vanish itentically in all 4p − 3 dimensions. As a result, with this choice gravitational CS (GCS) densities can be constructed only in 4p − 1, and not, all odd dimensions. The choice of (6)- (8) is for the nA CS densities on the other hand, is not subject to this obstacle and it affords the definition of CSG densities in all odd dimensions. In this case the resulting CSG density will feature the Levi-Civita symbol with frame indices, which subject to the truncation (36), collapses.
Succinctly stated, CSG densities thus constructed, exist in 4p − 1 dimensionst only. Applying the prescription in d = 3, 5, 7,
namely by eveluating the traces in (6)- (8) and then implementing the truncation (36),
7 Recall that previously in the derivation of the CSG models, the choice of (3)- (5) was made since the LeviCivita symbol with frame indices, which results from the presence of the chiral matrix γ D,D+1 under the trace, was required for the description of gravitational systems. Here, we have no such constraint. 8 The identity in question, in 2n dimensions is 
Gravitational Higgs-CS (GHCS) densities
The main purpose of constructing GHCS densities would be to supply GCS densities in both odd and even dimensions, possibly including in 4p − 3 dimensions which were absent in the Higgs free case above. Thus here too we employ the Higgs-CS (HCS) densities presented in Section 2.2. In Section 3, where CS and HCS gravities were constructed, it turned out that in all odd dimensions the leading term in the HCS gravity (HCSG) was the CS gravity (CSG). In that case the choice of CS densities (3)-(5) displaying the chiral matrix γ D+1 = (γ d+2 ), was made with the aim of generating a gravitational model, which coincided with (9)- (12), the defining of the HCS densities in odd dimensions.
If we invoke the same criterion here as in the construction of HCS gravities (HCSG), namely that the leading terms in the GHCS densities in 4p − 1 dimensions be the CSG densities, e.g.
CS given by (6) and (8) in d = 3, 7, then this is achieved by deforming (9)- (10) and (12), by removing the chiral matrix under the trace, by hand.
The corresponding consideration in d = 4p − 3 dimensions fails to yield a nontrivial result. We know the GCS densityΩ 
Applying the prescription
and then implementing the truncation(36), we find the two GHCS densitieŝ In even dimensions, there are no exclusions like in odd dimensions, and GHCS densities like (47) and (48) exist in all even dimensions.
Some concluding remarks are in order here.
• In odd dimensions, gravitational CS (GCS) densities and gravitational HCS (GHCS) densities are defined only in 4p − 1 and not in 4p − 3 dimensions.
• In 4p − 1 dimensions, the leading term in the GHCS density is the GCS density.
• Gravitational HCS (GHCS) densities can be defined in all even dimensions where no GCS densities exist.
• As in the case of HCS gravities (HCSG), the frame-vector field φ α and the scalar φ are gravitational degrees of freedom.
• If employed as CS densities to modify a gravitational model, the GHCS densities would be applied to HCSG gravitational models decsribed in Section 3, which are decsribed by the same gravitational fields. This is because the fields φ a = (φ α , φ) are gravitational degrees of freedom and their dynamics is given naturally by the HCSG models in the given dimension.
Summary
An illustraive presentation of Chern-Simons gravities in all dimensions, and gravitational ChernSimons densities in all even and in 4p−1 odd dimensions is given. These "Chern-Simons densities" are one-step descendents of (Higgs-)Chern-Pontryagin densities defined in all dimensions, and which result from the dimensional decsent of a Chern-Pontryagin density in some (higher) even dimension. A distiction is made between CS gravitational systems and the CS densities, and each is presented separately followed by comments in its own Section.
